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Spacetime structures in simple quantum systems
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Received 20 January 1997

Abstract. Recently W Kinzel [199%hys. BIl.51 1190] has argued that even simple quantum
systems can exhibit surprising phenomena. As an example he presented the formation of canals
and ridges in the time-dependent probability density of a particle caught in a square well with
infinitely high walls. We show how these structures emerge from the wavefunction and present
a simple derivation of their location in the spacetime continuum.

Prominent structures in the probability density of quantum states have attracted much
attention. They are known asarsfor time-independent problems where certain eigenstates
have regions of high amplitude along periodic orbits of the classical dynamics for the same
system [1]. This phenomenon has helped us to understand the links between classical and
guantum mechanics in more detail [2]. In the time domain the reconstruction or partial
reconstruction of the initial spatial probability distribution is known rasivals and has
played an important role in the understanding of wavepacket dynamics [3]. The combination
of spatial and temporal structures in a probability density has only recently entered the
focus of attention. Kinzel [4] has numerically studied the time evolution of a particle in an
infinitely-high potential well. He used a Gaussian initial wavepacket centred close to the
left wall and furnished with a momentum pointing towards the right. In a three-dimensional
plot of the absolute square of the wavefunction over position and time, regular structures
in the shape of valleys and hills appear. Clearly, such structures must be an interference
phenomenon. However, their origin is not as obvious as one might expect for such a simple
system and has not been given in [4]. Berry and Klein have found similar patterns in
the Talbot effect and Berry has also studied fractal probability densities in the spacetime
continuum for multi-dimensional box potentials [5]. In the latter case he has used a special
initial state with equal probability amplitude at each point in the box. Stéte [6], using
Gaussian initial wavefunctions, have shown that the structures in the probability distribution
can be viewed as a consequence of the interference term in the Wigner function. In this
letter we will use an initial state which is composed of the fi¥seigenfunctions with equal
weights. This allows us to study the emerging pattern in spacetime as a functién lof

will turn out that the structures in the amplitude distribution arise from a cancellation of
terms in the wavefunction and that the paramefecontrols the resolution of the pattern.
Our analysis borrows a mathematical technique which is familiar in the context of Jacobi's
theta functions. We will also discuss briefly possible generalizations of the phenomenon to
other systems.
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Any initial wavefunctionWy(x) in the box extending fromx = 0 to x = L may be
expanded in the basis of eigenfunctions

¢, (x) = \/Esin (Tx) Q)

with coefficients

L
ay =/ dx ¢, (x) Wo(x). 2
0
The corresponding eigenenergies
1 (hn\? 21
E =n2" (") =n&n"—
=N Zm( 3 ) n‘h T 3)

withn = 1, 2, 3, ... determine the so-called revival tinffe= 4mL?/(n}) of the wavepacket
in the box [7].

To keep the argument transparent we now discuss an initial wavefunggiaonsisting
of N equally contributing eigenfunctions, i.e, = 1, forn = 1,..., N anda, = 0O for
n > N. In dimensionless variables = x/L andt = ¢/T for position and time the
normalized wavefunction reads

N
W(E, 1) = \/EZsin(mré) exp(—2rin’t). (4)
n=1

Figure 1 displays the wavefunctionsmat= 0 made up of 20, 50 and 100 eigenfunctions,
respectively. We note that increasingshifts the centre of the initial state towards the left
and leads to sharper localization in position. Figure 2 shows a density plot of the position
and time-dependent probability amplitude in ttée t) plane represented by the absolute
value of a wavefunction consisting of 20 eigenfunctions. We observe characteristic rays
where |¥ (&, )| assumes low (darkness) and high (brightness) values. These rays emerge
either from the left corneré(= 0, ¢ = 0) or from the right cornerg( = 1, t = 0) of the
spacetime strip. Moreover, there is a characteristic asymmetry between the two types of
rays: along the ones from the left corner the wavefunction shows low probability, that is
canals. In contrast some of the rays originating from the right corner have high probability,
that is ridges. However, canals constantly cut through these ridges creating a chopped
structure as seen in the line connecting the upper left corner with the lower right corner in
figure 2. We also recognize that additional rays enter the spacetime strip from its sides.

An educated guess for the rays is

£=1+2kt (®)

wherel andk are integers. Indeed fdr= 0 andk > 0, equation (5) describes the rays
emerging from the left corner, whereas foe 1 andk < 0 we find the rays whose origin
is the right corner. The other values loSuch ad < 0 andk > 0 or/ > 1 andk < O give
the rays entering the strip at non-zero valueg of

We gain deeper insight into the functional form equation (5) of these rays when we
recall that according to Born [8] the time evolution of a particle with wavefunctigrin
the box is identical to that of a free particle prepared initially in a periodic array

UpE, T =0)= Y Wy (E+2m) (6)

m=—0oQ

of antisymmetric wavefunctions

Yy (§) = Wo(§) — Wo(—5). 7
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Figure 1. Initial wavefunctionsWy(&,7 = 0) resulting from superpositions oV = 20
(full curve), N = 50 (long-dash curve) an& = 100 (short-dash curve) equally weighted
eigenfunctions of the box potential. For increasing numiieof contributing eigenstates the
initial wavepacket gets narrower and its centre approaches the left wall of the box.

The period of this array is twice the length of the box. Hence in equation (5) even values of
[ = 2m correspond to the positions of the left wall and its mirror images. In contrast, odd
values! = 2m + 1 represent the positions of the right wall and its mirror images. Therefore,
the rays equation (5) are the spacetime trajectories of a free particle starting at #infe
at the right or left wall and their mirror images. Note that according to equation (5) the
particle propagates with the dimensionless veloojty= d¢/dr = 2k. Sincek is integer,
v, assumes only discrete values. This quantization of velocity is a consequence of the
periodicity of the array.

We emphasize that this discussion of the free propagation of the array also throws some
light on the difference in behaviour df(¢, t) along the rays emerging from the two corners
(& =2m,7 =0) and (¢ = 2m + 1, ¢ = 0) corresponding either to the left or the right
wall of the box and their mirror images. Indeed these walls are different: whereas the left
wall marks the beginning of the periodicity interval of period 2 the right wall is inserted at
& = 1 as to retain from all periodic functions the antisymmetric ones, only. This procedure
is necessary since only the latter vanish at the walks -at0 andé = 1, and hence satisfy
the required boundary conditions.

In order to fathom the mathematical reason for the suppression of the wavefunction
along some of the rays, equation (5), in tt§e ) plane, we now write the sine function in
the wavefunction, equation (4), in terms of exponentials,

e )—fl{ms _p (£ 1) (®)
( , T) = N Z ) t) ) 7:)
where we have introduced the finite theta sum
N
pE )= g" e ©)
n=1

with ¢ = exp(—2rit) [9]. The behaviour of the wavefunction along the rgys: [ + 2kt
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Figure 2. Density plot of the absolute valy& (¢, 7)| of a wavefunction in thég, ) spacetime

strip. Darkness displays a low and brightness a high functional value. We note that canals of
different steepness emerge from the lower right or left corners of the strip. Moreover, canals
enter from the sides. For this example we have considered a wavefunction consisting of 20
eigenfunctions.

follows from

N
9[E = £l + 2k7), 7] = Y _(—D" exp{—2rit(n® F nk))}. (10)

n=1

When we complete the square in the exponent we find

N
D[E = % + 2k, 7] = g~ M"Y (—1)g T (11)
n=1

and hence the wavefunction along the rays equation (5) reads

[21 . ) 2
W(E =142kt 1) =, 5 =g~ 2 _yl[gnk/2? _ e tk/2%1 (12
(E =1+ 2kt, 1) N 21 ;:l( )" [q q . 12

We note that each term contributing to this sum is the difference of the two t#ﬁﬂ"éz)z

and ¢t*/2”  Since the powersn — k/2)2 and (n + k/2)2 are shifted by the numbeir
determining the steepness of the ray, we expect a partial cancellation of these terms provided
the numberN of terms is much larger thak. Here the prefactot—1)" plays a crucial

role. Indeed, wher is even this factor is unity and cancellation takes place. However,
when! is odd the situation is more complicated. Now cancellation only occurs Wtien

even. Before we show this we note from equation (12) the symmetry relation

V(E=1—2kt,7)=—-V(E =14 2kt,7) (13)

which allows us to confine our discussion to positive valueg ofily.
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We start our analysis of this cancellation effect in equation (12) by introducing the
summation indexy = n — k in the summation of the first term which yields

2 1 N—k ) ) N
\I‘(E =1[/+ 2k1', 'L') =4/ NZiq(k/Z)z{(_l)kl Z (_1)]1q(j+k/2)2 _ Z(_l)”lq(”+k/2)2}.

j=1-k n=1
(14)
When we recall the relations
N—k 0 N—k k —k
dj = di+Yy =) di+) 4 (15)
j=1—k j=1—k j=1 n=1 j=1
and
N N—k N N—k k
Yodo=Ydi+ D di=) di+ Y disn (16)
n=1 n= n=N—k+1 n=1 j=1

valid for arbitrary coefficients/;, the wavefunctionV along the ray$ =/ + 2kt takes the
form

W(E =1+2kt,7)= ,/21.q-“‘/2>2{[<—1)“ — 18ci(N, 7)
N 2i
k
+ (_1);11 (n—k/2?* _ (_1)(N—k)1 (n—k/2+N)>? } 17
; [q q ] (17)
where
N—k )
Sei(N, ©) =Y (=1 expl-2ri(j +k/2)%7]. (18)
j=1

From equation (17) we recognize that for even valueg$ of k the prefactor of the first
sumsS; ; vanishes. Moreover, each term of the remaining sum is of the order of unity since
lgl = |exp(—2rit)| = 1. Hence we can estimate this sum consisting afifferences of
order 2 by 2k|. This provides us with the upper bound

V(& =2m + 2k, 7)] <\/3|k| (19)

for the absolute value of the wavefunction along the rays 2m + 2kt starting from the
left wall and its mirror images. Similarly along the even rays we fng 2m + 1 + 4kt
emerging from the right wall and its mirror images

[W(& =2m + 1+ dkz, 7)| </§I2k|~ (20)
When we confine ourselves to rays of large slope that is small valués tiat is|k| < N,
we find the inequalities

|W (& =2m+2kt,7)] < 1 (21)
and

|\W(& = 2m + 1+ 4kt, 7)| < 1. (22)

We recall that the modulupl (¢, )| of any normalized wavefunction in the box of unit
length is unity on average. Hence the inequalities equations (21) and (22) predict that along
these rays the moduly@| falls far below the average value and canals form along these
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rays. We also note from equations (19) and (20) that for incregsindhat is decreasing
steepness of the rays, the cancellation of terms in the sum equation (12) becomes less perfect
and the canals become less pronounced in complete agreement with figure 2.

Our treatment brings out most clearly that the formation of the canals is indeed
a consequence of quantum interference in the wavefunction: the inequalities (21) and
(22) follow from the cancellation in (17) which we can trace back to the fact that any
wavefunction in the box is a superposition of a right and a left running wave. These waves
have a fixed phase differenee which translates itself into the difference 6f sums in
equation (8). The difference reflects the fact that the energy eigenfunctions have to satisfy
the boundary conditions at the walls. This picture is in complete agreement with [6] which
used the Wigner representation to identify these canals as a consequence of the Wigner
interference term between the two waves moving against each other.

Let us now briefly discuss the case of odd value$ ahd k when the prefactor of; ;
in equation (17) does not vanish. Hence when we now estifdatealong these rays we
have to take into account the susp,. In particular, we have to study its dependence on
time . Since the sum is similar to the one discussed in the context of curlicues [10] or
fractional revivals [5, 11] we can simply borrow the results of these studies. Wetfinds
7, that is certain rational values of the revival tifiefor which partial cancellation ir$;
takes place. For these times the wavefunctiorfalls, as in the case of the canals, far
below its average value of unity. However, there also exist tim@gere the individual
terms inS;; superpose constructively. In this case the siyn and not the second sum in
equation (17), is the dominant contributiondogiving rise to distinct maxima along these
rays. From figure 2 we see that indeed every second ray propagatinggreni, t = 0)
to the left displays a complicated chopped structure, where for most of the ray a ridge-like
behaviour is seen. Again this phenomenon stands out most clearly for steep rays, i.e. small
values ofk.

Let us mention that this behaviour depends sensitively on the total number of
eigenfunctionsN. The pattern becomes richer for larger valueshof This fact can be
interpreted in the way that an initial state with a large numNeof eigenstates resolves
the features of the dynamics in the box to a much higher degree thaN fmall. Our
derivation in terms of the eigenfunction expansion directly shows for all casmsgn or
odd andk even or odd, that the number of raj¢$ which are visible depends on the number
of eigenfunctionsN contained in the wavefunction. Since the eigenfunctions of a box
represent a Fourier basis, by Fourier analysing wavepackets in other potentials one could
make use of the methods given here.

We conclude by briefly discussing generalizations of these spacetime structures.
According to Born [8] and equations (6) and (7), the boundary conditions of the box impose
the antisymmetry of two waves moving against each other. Mimicking this symmetry in a
molecular type of potential, Stifteat al [6] were able to produce similar effects. Moreover,
in another formulation of the probability density in the energy representation, Sitfer
[12] have identified the characteristic spacetime lines and have given a relativistic extension.
We also recall that the quantum mechanical problem of a particle on a ring can be mapped
onto the box problem, if the same boundary conditions are fulfilled. This can be achieved by
subtracting opposite angular momentum eigenstates from each other. Let us finally mention
that the corresponding problem in classical wave mechanics, i.e. a vibrating string clamped
até = 0 and¢ = 1, shows a much simpler structure in tt§e t) plane because its spectrum
is linear inn.

1 This also follows from the original wavefunction expansion, equation (4).
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In summary we have shown that the spacetime structures in the quantum mechanical

probability amplitude for a particle in a square well result from a cancellation in the
eigenfunction expansion, equation (4). By using the wavefunction’s Jacobi theta function-
like properties represented in equation (11) we were able to explain the canals and also the
chopped ridges along the rays, (5),(n t) space. The details of these spacetime patterns
are indeed a property of the wavefunction itself. How much of these details is revealed
depends sensitively on the initial wavefunction.
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